In quantum theory, particles in three spatial dimensions come in two different types: bosons or fermions, which exhibit sharply contrasting behaviours due to their different exchange statistics. Could more general forms of probabilistic theories admit more exotic types of particles? Here, we propose a thought experiment to identify more exotic particles in general post-quantum theories. We consider how in quantum theory the phase introduced by swapping indistinguishable particles can be measured. We generalise this to post-quantum scenarios whilst imposing indistinguishability and locality principles. We show that our ability to witness exotic particle exchange statistics depends on which symmetries are admitted within a theory. These exotic particles can manifest unusual behaviour, such as non-abelianicity even in topologically simple three-dimensional space.
In quantum theory, particles in three spatial dimensions come in two different types: bosons or fermions, which exhibit sharply contrasting behaviours due to their different exchange statistics. Could more general forms of probabilistic theories admit more exotic types of particles? Here, we propose a thought experiment to identify more exotic particles in general post-quantum theories. We consider how in quantum theory the phase introduced by swapping indistinguishable particles can be measured. We generalise this to post-quantum scenarios whilst imposing indistinguishability and locality principles. We show that our ability to witness exotic particle exchange statistics depends on which symmetries are admitted within a theory. These exotic particles can manifest unusual behaviour, such as non-abelianicity even in topologically simple three-dimensional space.
Introduction.-In quantum theory, particles in three spatial dimensions come in two different types: bosons or fermions. What, however, if quantum theory did not always hold? There could be broader theories, of which quantum theory is a subset, or an unencountered physical regime governed by a different theory altogether. In such a theory, what kind of particles could we have? Our interest in this is two-fold: firstly to understand better why quantum particles come in the types they do, and secondly, to search for potential post-quantum physical phenomena.
We tackle this question by identifying how exotic particle statistics may be detected operationally. We propose an operational protocol where the particles in question are physically swapped conditioned on the state of some reference system. The swap induces a relative phase with respect to the reference that has observational consequence. Our treatment does not assume quantum theory. In particular, we adopt the convex framework [1] [2] [3] [4] [5] . This framework models physical reality purely through detector statistics, and has already demonstrated much success in studying potential non-local correlations beyond quantum theory [3, 6, 7] .
We identify the observational effects of swapping two indistinguishable particles conditioned on an ancillary system in this general framework. From the foundational principles of locality and indistinguishability we derive natural constraints on how such systems can transform. In particular, the effect of swapping indistinguishable particles can be gauged by measurements which compare the reference system before and after the swap. This comparison can be facilitated by swapping the indistinguishable particles conditioned on a binary measurement of an ancillary system; here locality arguments prohibit allowed transformations from changing the statistics of the binary measurement. We say the allowed transformations belong to the phase group of the binary measurement, the group of reversible operations on the system which do not alter the statistics associated with this measurement for any state [8] . What remains is the possibility that there is one set of particle exchange statistics for each element of a phase group of a binary measurement in the theory.
One may associate some of the phase group elements with generalised bosons (corresponding to the trivial phase group identity element), and others to generalised fermions and even anyons (which exhibit arbitrary statistics under exchange [9] [10] [11] [12] ). Beyond quantum theory there can be several types of fermionic statistics, and moreover in theories with a non-abelian phase group, these fermions might manifest non-commutative behaviour under swapping. This is conceptually different from non-abelian anyons arising from braiding considerations in lower dimensional quantum scenarios (see e.g. [11] ); even when considering the exchange of these generalised fermions in path-independent scenarios (particularly in topologically simple theories where swapping twice has no measurable effect) they can still demonstrate non-abelian behaviour.
Framework and tools.-To go beyond the quantum case, we consider the framework of convex probabilistic theories, sometimes known as the generalised probabilistic theory (GPT) framework [1] [2] [3] [4] [5] .
The convex framework amounts to taking the minimalistic pragmatic view that the operational content of a theory is contained in the predicted statistics of measurement outcomes. Essentially any experiment generating a data table can be represented in this framework [1, 4] .
As in quantum (and classical probability) theory, the central role is played by the states of a system, along with the measurement outcomes. The states and the measurement outcomes are represented by vectors of real numbers, such that the probability of measuring a particular outcome on a particular state is given by the inner product of these vectors.
As an illustration, we mention how the quantum case can be treated in this way. There are several schemes for representing density matrices (and other Hermitian operators) as real vectors, which do fit the framework, e.g. the Bloch sphere representation of a qubit: one may write arXiv:1307.2529v2 [quant-ph] 4 Nov 2013
(1, X, Y, Z), referring to the identity and the standard Pauli matrices. The state may then be represented as the real vector (ξ 0 , ξ 1 , ξ 2 , ξ 3 ) or a vector proportional to this. Similarly, projection operators are represented by the same such real vectors as would represent the corresponding pure state |ψ ψ|. The probability of a particular outcome for a given measurement in the standard quantum representation is Tr(ρΠ), which coincides with the Euclidean inner product of the real vectors.
The set of allowed states is known as the state space. These sets are convex, as the name of the framework would suggest. In quantum physics, the state space of a qubit is the Bloch sphere. For non-quantum theories, which might not be describable by an underlying mathematical structure such as a Hilbert space, the state space might take on an arbitrary convex shape which could admit vectors outside the Bloch sphere, corresponding to states forbidden in quantum theory (such as the state where it is possible to perfectly predict the outcome of all three of the X, Y and Z measurements).
A transformation, T on states is given by a matrix of real numbers (see e.g. [1] ). A necessary criterion for T to be an allowed transformation is that it takes all allowed states to allowed states. T is said to be reversible if both T and its matrix inverse, T −1 , are allowed transformations. The set of allowed reversible transformations in a theory is contained within (and might be) the automorphism group of the theory's state space.
A theory in the framework is specified by the sets of allowed measurement-outcome vectors, allowed states and allowed transformations.
We shall also use the notion of the phase group in convex probabilistic theories [8] . A phase group is a subgroup of the group of reversible transformations, defined by demanding that the elements preserve the statistics of a chosen measurement for all states.
Quantum version of swap experiment.-Consider two particles in a pure state |AB . Our argument makes no distinction between fundamental or composite particles, nor between particles or quasi-particles. The particles are indistinguishable if physically swapping them (e.g. having two separate traps with one particle in each and moving them into each other's previous position) does not change anything observable about the state. Denoting the physical swap operation by the transformation π A↔B we demand π A↔B |AB = e iθ |AB . This picture of active particle swapping inducing phase change is consistent with the example of anyonic particle statistics arising by taking an anyon to be a ring of charges with a magnetic flux through it, such that the phase induced by actively swapping two anyons arises from the Aharonov-Bohm effect [10, 12] .
Whilst the phase introduced by the swap is global and not observable, it does have observable affects by introducing an ancillary reference system, C. We may then do the physical swap controlled by the third system, meaning that in the branch of the superposition where C is in FIG. 1 : A physical scenario for particle exchange. The two particles are trapped such that there is at most one particle in each well with negligible probability of any particle being found in between traps or jumping from one to the other. The wells on the left are space-like separated relative to those on the right. The total state is in a superposition of two scenarios: (i) there is one particle in each of the wells on the left, (ii) there is one particle in each of the wells on the right. On the left side the wells are swapped in an active, physical, transformation. In the quantum case this would introduce a relative phase between (i) and (ii) which could be determined experimentally. We consider what could happen if the systems were indistinguishable post-quantum particles.
some state |0 no swap is done and no phase introduced, but in the branch of the superposition where C is in |1 the swap is done and a phase introduced. Mathematically, the (unnormalised) state evolves as:
One may think of this as being realized through the idealised experiment in figure 1 . This results in a phase transformation on the reference system C, U (θ) = |0 0| + e iθ |1 1|. Thus, in general we may associate a phase transformation of a qubit with each quantum particle type.
In principle there may be several topologically distinct ways of swapping two particles which could all give rise to different phases. These topological constraints can impose a condition on the behaviour after repeated swaps, which generates a sub-group from the phase group. A particularly important condition is to impose that that performing the swap twice amounts to the identity operation, such that e iθ = ±1, generating the sub-group containing elements corresponding to the boson fermion cases respectively. This restriction follows from the fact that swapping particles twice is equivalent to orbiting one about the other, and in theories with three or more spatial dimensions, this is topologically equivalent to doing nothing at all [11] . In two dimensions this is not always possible, enabling the existence of anyons.
Post-quantum version of swap experiment.-We now consider the same set-up, described using the convex framework outlined above. We shall say that particles have different types when the experiment yields distinguishable outcome statistics for the respective inputs.
The state of the system is now represented by a real vector (in the special case of quantum theory representing a density matrix). We wish to swap two indistinguishable particles A and B. Let ϕ AB represent the combined operational state of particles A and B. Crucially, we posit that swapping A ↔ B leaves the state ϕ AB invariant, whether the two particles form a closed system or are part of a larger system. We take this condition as the definition of what it means for A and B to be indistinguishable. To observe the effect of a swap we introduce a third system C. We construct a combined state for the three systems: ϕ ABC and define a new operation T which corresponds to swapping the particles A and B.
To examine the possible particle statistics observable in the experiment we take the input states to be products
where ϕ AB and ϕ C are pure states. The operational meaning of this product is that the probabilities of measurements on either side factorise (see appendix). Such product states are convenient for our analysis and should exist in any reasonable description of joint systems.
For indistinguishable particles the output state
The first line follows from noting that by the assumption of reversibility ϕ out AB is pure and that Theorem 2 of [13] shows that such states are uncorrelatable. The second line follows from the definition of indistinguishability which implies that the marginal state on AB is invariant under the swap.
The above argument implies that the effect of the swap must be entirely reflected in the final state of ϕ out C (a generalisation of quantum "phase kick-back"). Now, with A and B indistinguishable, T acts on the state (1) as
for some T C acting on C exclusively. (This does not imply that T acts as T = 1 AB ⊗ T C on all states).
It is possible to take locality considerations into account within the GPT framework [14] , and use this to argue why T C must be in the phase group associated with a binary measurement on C. Recall that the physical procedure involves two space-like separated locations, as in figure 1 . The swap is done on one location only. Let Z be the binary observable distinguishing the two branches, left vs. right. By locality, the swap cannot change the Z-statistics (the branches could be space-like separated, and super-luminal signalling would be possible if the probability of being in one branch could be changed by an action, or lack of, on the other). Thus the transformation must be in the phase group associated with the Z measurement. We now arrive at our main claim:
The observable effect of exchanging two indistinguishable particles is restricted to the control system being transformed by an element of the phase group of a binary measurement. Hence the particle types perceivable in a theory correspond to elements of this phase group.
Discussion.-A particularly surprising consequence of our reasoning is that non-abelian particle types might exist for some theories even in three-dimensional space with trivial topological properties. We enter this trivial regime by imposing the restriction that swapping twice has no effect, which generates a sub-group containing only the identity (which we associate with bosonic behaviour) and the elements which are self inverse (which we associate with fermionic behaviour). (All particle types outside this sub-group could be considered a generalisation of anyonic behaviour). In general, theories with a phase group containing more than one self-inverse element have the potential to display non-abelian statistics.
For example, consider a modified quantum theory with four independent measurements (see Figure 2 ). Here, it is possible to rotate a spin in at least three possible orthogonal directions, without affecting its measurement statistics in the fourth. The phase group resulting from such transformations is isomorphic to SU (2), and thus is clearly non-abelian. However, even after taking the subgroup of self inverse elements, we are left with the set {1, σ x , σ y , σ z } (where σ i is a 2 × 2 Pauli matrix), and [σ i , σ j ] = 0 for i, j = 1, 2, 3, i = j. Each of these Pauli matrices may be associated with a different type of particle, and so in this theory there are non-abelian fermions.
Such exotic non-abelian particles demonstrate remarkable behaviour. Imagine swapping two pairs of exotic particles consecutively (for example, in the above theory, X-ons and Y-ons associated with the σ x and σ y elements respectively), with both operations conditioned on a single two level control system. Should the phase transformations associated with swapping these pairs not commute, which set is swapped first will have an observable consequence on the final state of the control system. However, in a scenario where these pairs are always swapped by reversible operations (without a control bit) the order of operations should have no effect on the final state, as these swaps act on different non-overlapping subspaces. This seems paradoxical, given that physical intuition would dictate that if two operations commute, they should remain commutative when conditioned on a coinciding degree of freedom (this is always the case in quantum theory, see appendix). This remarkable deviation from intuition may offer a clear phenomenological indicator for post-quantum behaviour.
This result also highlights how theories with more complex phase groups can admit a greater diversity of possible particle types. A particularly interesting subtlety is that the different types of particle we can observe is dependent on the control system we use to 'observe' them with. This is not as counter-intuitive as it first sounds.
FIG. 2:
Illustrated examples of phase groups associated with 2-level systems, as defined in [8] . (A system is called twolevel if 2 pure states and no more can be perfectly distinguished in a single measurement). Our argument associates one particle type with each element of such a phase group. In the post-quantum case these groups may be non-abelian by virtue of including rotations in several dimensions, as well as reflections. (To have a quantum non-abelian phase group, the measurement needs to be coarse grained, implying a less fundamental type of non-abelianicity.)
Consider attempting to distinguish between swapping two quantum bosons, or two quantum fermions, using only a classical control bit. Such a bit does not allow any super-position states; the only classical dynamic allowed which preserves the statistics of the only measurement allowed on the bit is to do nothing: the phase group consists only of the identity element [8] . Thus, whether the particles swapped are actually bosons or actually fermions, we have no way of telling them apart by the measurement statistics on this classical bit. Extending this argument, we note then that even if more exotic particle types exist, if our experiment to detect them relies only on a quantum control bit, we can only detect quantum particle behaviour. This follows from the very definition of indistinguishablity being our ability to tell things apart.
The connection between phase group and particle types has dual applications. On the one hand, it identifies a plethora of possible exotic particle types as we consider further generalizations of quantum theory (See Figure 2  for a survey) . On the other, it forces us to confront the seemingly paradoxical properties of such particles should we concede that our reality is not completely described by quantum statistics. Indeed, our connection motivates a natural method to quantify how exotic different theories are, based on their capacity to distinguish different types of exotic particles. Classical theories, for example, would be considered the least exotic, as their phase group is trivial [8] . Meanwhile, post-quantum theories could be far more exotic as not only would our observations depend on the types of particles that are exchanged, but also the order in which exchanges take place, even in three-dimensional space. Ultimately, this could motivate arguments that such dependence on order is unphysical based on some underlying principle; and use this to provide an alternative argument justifying nature's preference for vanilla quantum mechanics.
